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Learning Graph Topology With Functional Priors
via Bilevel Optimization

Chenyue Zhang ©¥, Shangyuan Liu

Abstract—Learning graph topology of complex networks is
challenging due to limited data availability and imprecise data
models. Different from prior works that focus on structural
priors with explicit control on macroscopic properties such as
sparsity, this paper proposes a novel functional prior approach
for graph topology learning. We adopt a task-oriented formation
hypothesis, under which some complex networks may be shaped
by functional pressures associated with a particular task, and
incorporate this hypothesis as a regularizer for graph learning.
Mathematically, we formulate an equilibrium-constrained bilevel-
type problem, where the lower level specifies an equilibrium
for the associated task on a candidate graph topology and
the upper-level problem trades off between data fitting and
task performance. We design a two-timescale gradient descent
(TTGD) algorithm and show that, under verifiable conditions, it
achieves a sublinear convergence rate in the squared projected-
gradient residual of the resulting upper-level problem. We pro-
vide theoretical insights on the graph topology learned from
the functional priors and show that the resulting regularizers
subsume a broad class of graph filter regularizers, including
polynomial graph regularizers as special cases. We show via
extensive experiments on synthetic and real datasets that, when
the chosen functional prior is reasonably aligned with the
underlying formation mechanism, the proposed formulation can
improve graph-support recovery when data are insufficient.

Index Terms—Graph topology learning, functional priors,
bilevel optimization.

1. INTRODUCTION

RAPH-BASED structures are widely used across data
G science to capture relationships among features and la-
bels. Learning with graph structures plays a key role in many
real-world applications such as life science, graph neural net-
works, and recommendation systems. However, natural graph
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topologies are not always available. Consequently, the infer-
ence of unknown graph topology from nodal observations has
become an important focus across fields of machine learning,
signal processing, sociology, and biology [1].

Such a problem, also known as graph topology learning, has
been a longstanding challenge in data science and signal pro-
cessing [2], [3], [4]. Earlier works have focused on identifying
graph signal models, i.e., data generation models, that relate
the nodal observations to the graph topology and developing
algorithms to efficiently infer the graph topology. For example,
the works [5], [6] proposed to learn the graph topology from
smooth signals, the works [4], [7], [8], [9] utilized a Gaussian
Markov Random Field (GMREF) to learn a sparse graph topol-
ogy, the works [10], [11] developed physics-inspired models
for graph learning, and the work [12] utilized models that are
inspired by graph signal processing [13], [14]. As the networks
of interest become more complex, recent developments in graph
topology learning have switched to the rising issues of limited
data availability and imprecise data models. On one hand, the
number of nodal observations is often smaller than the total
number of nodes. This type of data scarcity can arise from the
high measurement costs [15], privacy concerns [16], or diffi-
culty in collecting complete observation data in large, complex
systems [17]. As a result, the graph topology learning problem
becomes vulnerable to random noise and often struggles to pro-
duce accurate inference [18]. On the other hand, the interplay
between nodal observations and underlying graph topology is
often complicated, which cannot be captured by the simplified
data generation models deployed in existing works.

As a remedy, a common practice is to incorporate prior
information in the learning process. Existing literature focuses
on applying structural priors developed from explicit features
of real network structures. They are usually driven by empiri-
cal observations on common graph topologies. For this class
of priors, a canonical hypothesis is edge sparsity. In fact, a
common observation across real networks is that the graph
topology admits a small number of edges and thus a sparse
graph representation [19], [20]. Based on this observation, a
series of works proposed to incorporate sparsity regularizers
in different graph learning paradigms and achieved empirical
successes [4], [5], [6]. Recently, structural priors focusing on
the clustering properties of graphs have been studied. Examples
include k-component graphs [21], bipartite graphs [22], and
connected graphs [23]. As demonstrated in [24], [25], [26],
carefully crafted regularizers based on the graph spectra can
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induce desired clustering characteristics in the learned graph.
Note that, however, these priors are imposed directly on the
graph topology itself in a macroscopic manner and do not
account for the more intrinsic relationships between nodes.

This paper initiates the study of a functional prior approach
to graph topology learning. We aim to rigorously capture the
complex dynamics and relationships between nodes in the graph
topology learning process. The key idea is a task-induced for-
mation model that treats the graph topology as a latent variable
optimized to perform a specific task. Here, the task can be com-
plex and nonlinear such as maximizing social welfare in social
networks or enhancing resilience in biological networks. We
notice that recent works in network science have demonstrated
that network topology may play a crucial role in shaping the
performance of the networked systems. For social networks,
prior works have shown the importance of network topology in
network game-induced tasks such as optimal targeting [27] and
optimal pricing [28], suggesting that certain network structures
may inherently favor specific applications. For biological net-
works, the work [29] studied the relationship between network
topology and resilience to network failure. Particularly, it is
found that natural networks such as ecological and gene regula-
tory networks tend to have a heterogeneous degree distribution,
which provides evidence for a resilient network topology. In
these examples, the topology of a natural networked system
can be modeled as reflecting task-related functional pressures,
which summarize aspects of the underlying task performed by
the system.

These findings have motivated the current paper to look be-
yond the direct structural priors approach for graph topology
learning, and to develop a novel class of functional priors for
efficient graph topology learning. In a nutshell, the functional
prior framework encapsulates the purported complex dynamics
of the network into a merit function that regularizes the graph
learning objective, leading to a biased graph topology estimator.
We develop the latter merit function as a shaping function on the
equilibria or stationary states of a suitable network dynamics
model, which are then treated as intermediate variables that
implicitly depend on the latent graph topology. As we will
demonstrate later, the advantage of doing so is that the merit
function can be defined to impose a wide class of desired
properties on the interpretable equilibria or stationary states,
e.g., maximizing social welfare in social networks, or maximiz-
ing resilience to network failure in gene regulatory networks.
Mathematically speaking, the functional prior framework gives
rise to a novel bilevel optimization problem for graph topology
learning. Here, the lower level is an equilibrium/stationarity
equation that governs the network dynamics, while the upper-
level problem trades off between data fitting and desired task
performance, as shown in Fig. 1.

Computationally, recent literature on bilevel optimization has
made significant progress in developing efficient algorithms for
tackling such problems. For example, the work [30] proposed
a two-timescale stochastic approximation (TTSA) framework
that utilizes a pair of step sizes for tackling the coupled KKT
system, the work [31] proposed a penalty method, and the work
[32] proposed a truncated gradient unrolling based method.
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Fig. 1.  Overview of the bilevel optimization framework for graph topology
learning with functional priors. The upper-level problem minimizes a data
fitting term J(S;X) augmented with a task-driven regularizer R (y*(.S)),
where the lower-level equilibrium equation specifies the stationary state y* (S
of a network dynamics model.

Among others, we develop a two-timescale gradient descent
(TTGD) algorithm inspired by TTSA [30] to tackle the bilevel
optimization problem. The contributions of this paper are as
follows:

e We propose and formulate a framework for graph topol-
ogy learning with functional priors (GLFP). The key fea-
ture is a task-inspired formation model for the unknown
graph topology, which induces a functional-prior regular-
izer. The graph learning problem is then formulated as an
equilibrium-constrained bilevel-type problem, where the
upper level is a regularized graph learning objective and
the lower level specifies the task equilibrium or stationary
state.

e As applications of the GLFP framework, we study two
specific cases: (i) a social welfare maximization prior
for learning social network topology, and (ii) a resilience
maximization prior for learning gene regulatory network
topology. In both cases, we provide empirical evidence
of the functional priors in real networks and design the
induced graph topology learning problems with different
data observation models that specify the GLFP framework.

e To understand the optimal solutions that GLFP leads to,
we illustrate how they can be approximated by “high-
order” polynomial regularizers. By analyzing the optimal-
ity conditions of the approximations, we provide theoreti-
cal insights into the graph topology learned from GLFP.
Focusing on the two special cases mentioned, we show
that the drawn insights coincide with the topology features
observed in real networks. Inspired by the approximations,
we further suggest that our proposed functional prior reg-
ularizers may generalize over classical structural priors.

e Finally, we design an efficient TTGD algorithm to tackle
the GLFP problem. The TTGD algorithm is inspired by the
TTSA framework [30] and extends TTSA to tackle vari-
ational inequalities in the lower-level problems. To study
the convergence behavior of TTGD, we use the squared
norm of the projected-gradient residual as the stationarity
measure, which is standard in the literature (see, e.g.,
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[33]). Under the stated assumptions, we show that TTGD

achieves a sublinear convergence rate in this measure for

the bilevel problem.
We remark that the idea of optimizing the graph topology for
a task-specific application has been explored in several prior
studies. For example, the work [34] modified social network
topology for polarization reduction, the work [35] modified net-
work topology to enhance performance in action-coordination,
and the work [36] focused on learning network structures tai-
lored for node classification. Their primary goal is to improve
downstream performance in control or graph machine learning
applications. In this paper, we focus on improving the accuracy
of learning real networks. More specifically, we study data-
limited node-level (microscopic) topology inference, recover-
ing interactions among nodes from limited nodal observations
and task-related prior information. Compared to our conference
version [37], this paper includes a general GLFP framework,
strengthened theoretical results, and extended numerical exper-
iments.
Notation. The notation we use in this paper is standard. We
use [m] to denote the set {1,2,...,m} for any positive in-
teger m. Let the Euclidean space of all real vectors/matrices
be equipped with the inner product (X,Y) := Tr(X 'Y for
any matrices X ,Y and denote the induced Frobenius norm by
Il - || (or || - ||2 when the argument is a vector). For a vector
x € R™, we use z; to denote its i-th element and z_; € R™~!
to denote the vector without x;. We use Diag(x) to denote
the diagonal matrix whose diagonal elements are given by x.
For any matrix X € R™*™, let || X ||z be the operator norm,
1X =3, Xl [ X [l := max; 3, | X5, and diag(X)
be the vector formed by the diagonal entries of a square ma-
trix X. Given a point w and a closed convex set C, we use
Proje(w) := argmin, .. |[v — w||2 to denote the projection of
w onto C. We use 1 (resp. 0) to denote an all-one vector (resp.
all-zero vector) whose dimension will be clear from the context.
For a set S, we let vs(+) be its indicator function, i.e., ts(z) =0
ifreS, is(z)=0ifx¢S.

II. PRELIMINARIES

This section reviews the basic concepts and models for graph
topology learning. To fix notation, we first consider a networked
system characterized by a directed graph G = (V, E') with node
set V' =[N] and edge set E CV x V, such that the ordered
tuple (7, 7) € E indicates an edge from i to j. To describe G,
we denote its graph shifting operator (GSO) by S € RN*N |
such that S;; =0 if (j,7) ¢ E. For instance, S can be the
(weighted) adjacency matrix or the (weighted) Laplacian ma-
trix, and it is not necessarily symmetric. Notice that in graph
signal processing, a related concept is that of linear graph filter
H(:) : RVXN 5 RNXN with order p [13], which is defined as
a p-th order matrix polynomial of a GSO S. Mathematically,
it takes the form H(S) =>""_ h;S". Here, we denote S° =T
by convention and {h;}._, are the graph filter coefficients.
Graph Topology Learning. The problem pertains to inferring
the unknown graph G, or equivalently, its GSO matrix .S, from
a set of graph signals defined on the node set V. The graph
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signals are denoted by (), ... (M) such that for each m €
[M], the graph signal (™) € RY describes the nodes’ states.
Throughout, we set X = (), ..., 2()) to simplify notation.
As in statistical learning, the general formulation for graph
topology learning can be expressed as

min J(§; X) + AR(S), ()

where J(S; X) is the data fitting term, S C RV >N refers to the
feasible set of GSOs, R(.S) describes the regularizer pertaining
to the prior knowledge on the unknown graph, and A >0 is a
regularization parameter.
Generation Model. The data fitting term J(.S; X) in (1) per-
tains to the generation model for graph signal observations. In
scenarios where X are low pass or smooth graph signals [38],
a popular strategy is to fit an adjacency matrix S such that X
is ‘smooth’ with respect to (w.r.t.) the latter, i.e.,
Jsmo(S; X) = Tr(S" D), Dyj = 5 ||&i —

9

ZE @

for all i, j € [N]. Observe that Jomo(S; X ) can be expressed as
M i, Sijlai™ — x§-m)|2 and measures the average
Dirichlet energy of the graph signals w.r.t. a proposed S.! The
set of feasible adjacency matrices can be chosen as

Sog = {S e RV*N . § >0, diag(S) =0, S1=c1}, (3)

where ¢ > 0 is enforced to avoid the trivial solution. Along
the same line, alternative models include factor analysis [5],
stationary graph signals [12], etc. They involve similar forms
for the data fitting term J(S; X) and the constraint set S.

In scenarios pertaining to network dynamics systems such
as gene regulatory networks, the input P € RV*M  whose m-
th column records the exogenous intervention or external input
applied in experiment m, is available alongside graph signals
X of the steady-state responses. The following data-fitting loss
is proposed in [39], [40]:

Joer(S; X) =|1SX + P||7. 4)

This loss encourages each observed steady-state response to
satisfy the linearized equilibrium relation Sx("™) ~ —p(™) . We
adopt the set of feasible adjacency matrices

Spd = {S eRV*N : §>0,diag(S)=0,1"S1=a}, (5)

where a > 0 is enforced to avoid the trivial solution.

We remark that there are alternative models to (2) and (4),
where they depend on the types of available data; see [2], [3].
Formation Model. The regularizer R(S) in (1) pertains to
the prior information on the graph topology. It is especially
important when the number of graph signal observations is
insufficient, i.e., N > M. From a high level, the prior informa-
tion is related to a formation model which characterizes how
the graph G is generated. In the existing literature, common
choices entail explicit and macroscopic control over the graph

!'The formulation (2) is commonly used to infer a symmetric GSO matrix
S. We do not impose such a constraint in our discussions to avoid restricting
the design of our functional prior; see Sec. III-A.
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topology. For example, the sparsity prior is relevant to the multi-
variate exponential distribution. It is shown in [24] that this prior
distribution can induce the regularizer

Ry (8) =1IS]h (6)

in the maximum a posteriori (MAP) estimate.> Another exam-
ple is the prior that the graph is formed with a modular structure
which has K densely connected components [25], [26]. This
formation model is related to the regularizer

N

7?'mod(s) = Z
i=K+1

ai(S), (N

where o;(+) represents the i-th largest singular value of S.

III. PROBLEM FORMULATION

This paper proposes a graph learning framework that departs
from the structure-inspired designs for the regularizer R(S),
e.g., (6), (7). Instead, we develop task-inspired regularizers
that implicitly regulate the graph topology through the latter’s
influence on tasks performed by the network. At a high level,
our framework is developed through a new formation model
of the graph topology. Motivated by the possibility that func-
tional pressures may shape real-world networks, we adopt the
following working hypothesis:

The topologies of some real-world networks may be shaped
by task-specific functional pressures represented through a
merit function.

For example, a possible formation model for socio-economic
networks is that the graph topology leads to the highest payoff
at the Nash Equilibrium (NE) in a network game [41]; for gene
regulatory networks, the graph topology leads to resilient states
in the stationary states of a bio-physical system [42], [43].

Overall, consider a general merit function design that is de-
fined via the stationarity condition for network states

Y (S) e V' (8):={y e ¥:Y(y; 5) =0},
where ) C R¥ is the set of feasible states such that Y(-; S) €
RY is a stationary condition map. For example, in network
games, it is related to the fixed point of best response dynam-
ics. Subsequently, the merit function is given by the implicit
function

R(8):= min R(y)+ (B/2)IS 113,

®)

such that R:Y — R quantifies the merit of the network sta-
tionary states and the Frobenius norm term is added to stabilize
the optimization solution with 3 > 0. For example, ﬁ(y) is the
negated sum of payoffs in a network game. Together, this leads
to the bilevel program

B(S;y) = J(S; X) + A\R(y) + (A\B/2)|IS%

min
SeS,yey
s.t. y € Y*(9), (GLFP)

2t is shown in [6] that one can equivalently use the squared-Frobenius
regularizer R(S) = ||S||%.
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which combines the data fitting term from the generation
model and the regularizer term from the formation model.

We use the term “bilevel” in the broad implicit-response
sense. The lower level in (GLFP) is the equilibrium equation
Y(y; S) = 0. It represents a lower-level optimization problem
only when Y is the optimality map of such a problem.

We shall describe regularizers given in the form of (8) as
Sfunctional regularizers, which depart from the structural reg-
ularizers considered in the prior works. We next discuss two
special cases of the formation model in (GLFP).

A. Case Study 1: Network Games

We consider a formation model driven by benchmarking the
total welfare resulting from the Nash Equilibrium (NE) of a net-
work game [28]. The game setting is related to learning socio-
economic networks, where agents are assumed to be rational
with actions shaped by a certain utility function. The lower-
level state y collects the agents’ equilibrium actions induced
by a candidate graph topology, so the functional prior favors
graphs with high aggregate welfare at equilibrium.

In this setting, each node represents an agent and the edge
weights represent the strength of trust between pairs of neigh-
boring agents. Each agent is endowed with a payoff function
Ui(-) that depends on the actions of his/her neighbors and
himself/herself. For each agent 7, s/he finds an action y;

yr = argmax U;(yi,y_;; S), 9)

Yi€Vi

—is

where y_,; denotes the vector y = (y1,...,yn) with the i-th
agent’s action removed and ); C R is the set of admissible ac-
tions. The agents are non-cooperative and aim to maximize their
own payoffs (9). To this end, the NE describes the set of actions
where no agent shall change his/her action. Mathematically,
assuming that the NE exists and is unique, it is defined through
the best response map

Ti(y; S) :=argmax U;(y;,y_;;S), VieV.

Y €Vi -
Collecting the component maps gives the vector operator
T(y;8) = (Tu(y; S), ..., Tn(y: S))

In particular, yNE(S) = (yNE(S), ...
NE if

T
,YNE(S)) is said to be an

yNE(S) = Ti(yNE(S); S), Vie V.

To simplify notation, we denote yNE(S) as the fixed point to
the equation y = T(y; S). This yields a special case of (GLFP)
with

Y(y;S):=y —T(y; S).

We consider two models for the payoff function. The first
model is a generalized linear-quadratic (LQ) game [28], [44],
[45], [46] whose payoff is given by

Uiy 8) = =% + i (S0, Suf () +b:) - (10)
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over V; = [0,00), where b; is agent i’s node-specific intrinsic
incentive (or marginal benefit) that is independent of peer ef-
fects, and f(-) is an interaction function that modulates the
effects of neighbors’ action on agent i. The generalized LQ
game is a canonical model for strategic interaction on a network
[47]. In this model, each agent ¢ chooses a nonnegative action
level y;, which can be interpreted as effort or participation
intensity. The first term —y?/2 represents a private cost of
exerting action, while the term Zjvzl S;j f(y;) captures how
agent ¢’s incentive is shaped by the actions of its neighbors
on the graph. The interaction function f(-) acts on individual
neighbors’ actions before aggregation, so the generalized LQ
game captures individually mediated spillovers. See [44] for
conditions on the existence and uniqueness of NE for the above
model.

The second model is a race and tournament (RT) game [48],
[49], [50] whose payoff is

Uty S) = =% +ui (9 (2 Sy ) + ) (D

over ); = [b;, a;], where b; and a; (with 0 < b, < a;) are the
lower and upper action bounds, respectively, and g(-) is a
nonlinear function that captures the interactions between agent
1 and his/her neighbors. The RT game models competitive
interactions with bounded actions y; € [b;, a;]. Note that the
nonlinear function g(-) acts on the aggregated neighbor activity
Z;V=1 Si;Y;, so the return to effort depends nonlinearly on the
overall local competitive environment. Thus, the RT game has
a different interaction structure from the generalized LQ game.
The latter captures individually mediated spillovers, whereas
the former is suited for settings where incentives depend on the
aggregate level of peer activity. See [49] for conditions on the
existence and uniqueness of NE for the above model.

In general, the graph topology S directly affects the NE
yNE(S) [28], [44]. Herein, it is possible to use the total welfare
[27] to measure the performance of a socio-economic system,
defined as

Wel(S) :=1"yNE(S).

It can be viewed as the overall economic gain. Notice that
Wel(S) depends on S via the NE of the network game. We
formally state the formation-model hypothesis —

the graph topology of socio-economic and human-made
systems shall maximize the total welfare Wel(S')

and thus the merit function with R(S) = —Wel(S) + gHSH,Q:

Directly verifying the above hypothesis is impossible as the
ground truth formation model is unknown. We consider an
empirical approach through testing on real-world networks. It
relies on the insight that if the hypothesis holds, then the cor-
responding .S would be a local maximum to Wel(S') such that
any perturbation to S could lead to a significant drop in Wel(S).
We verify the above phenomenon by applying random rewiring
to the graph topology of real-world networks and comparing
the reduction in Wel(S'). We fix b =1 and consider the payoff
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TABLE 1
ToP: VISUALIZING THE TOPOLOGY OF SEVERAL TESTED NETWORKS.
BoTTOM: IMPACT OF RANDOM REWIRING ON THE WELFARE RATIO AFTER
REWIRING; CF. (12)

Karate

_Wiki Vote(partial) Dolphin

Rewiring | 10% | 30% | 50%

Karate 94.06% | 84.72% | 78.30%
WikiVote 96.28% | 90.32% | 86.11%
LesMiserables | 93.79% | 84.43% | 78.56%
JazzMusician 97.43% | 93.47% | 90.77%
SchoolNet 97.28% | 93.47% | 91.20%
Malawivillage | 96.72% | 91.82% | 88.61%
Dolphins 98.15% | 95.13% | 93.08%
Ant 98.23% 95.90% 94.61%
Weaver 99.43% 98.49% 97.80%

function in (10) with linear interaction function f(x) = x. We
compute the perturbed welfare ratio

E [(Wel(Spt) = 17b)/(Wel(Sog) —170)],  (12)

where Sz and Sp,; are respectively the unweighted adjacency
matrices of the original and randomly rewired graphs. Table I
shows the welfare ratio on the real-world networks. Observe
that human-made networks (e.g., Karate) suffer a significant
drop in the welfare ratio after rewiring, while other networks
(e.g., Dolphins) are less sensitive to rewiring. This observa-
tion supports our hypothesis. We remark that related observa-
tions can also be found in [27], [51], [52] on how real networks
show traits of self-optimization.

Finally, we consider the smoothness based generation model
(2) with the above formation model to yield
min_ ®(S;y) :=Tr(STD) + 8|S - 1Ty
S,yey

st.y—T(y;8) =0, S €S,

(GL-NG)

where Y = {y e RV :y; € V;, Vi € [N]}, Spg was defined in
(3), and 8 = % > (0, A > 0 are regularization parameters.

B. Case Study 2: Network Dynamics

We consider a formation model driven by the resilience prop-
erty of gene regulatory network (GRN) dynamics. The GRN
dynamics model the time varying states, quantified by their
expression levels, of genes in a cell. This case study targets
GRNs, where the candidate graph topology determines how
genes influence one another through a nonlinear stationary dy-
namics model. The lower-level variable therefore represents a
steady-state gene-expression profile, and the functional prior
rewards graph topologies that sustain large nonzero stationary
responses under perturbations.
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In a GRN, each node represents a gene and the edge weights
represent the influence strengths between genes (possibly di-
rected). The state of each gene is represented by its expres-
sion level, which can be affected by the expression levels of
its neighboring genes. To capture the changes in the gene’s
expression level, a widely used model is the Michaelis-Menten
(MM) system of differential equations [53], [54]

%yl()__yz()'i_zj 1 Uy(t +1aVZ€V (13)

where y;(t) denotes the i-th gene’s expression level at time ¢.
The linear decay term —y;(t) models the natural degradation
of gene products, while the nonlinear regulatory input from
neighboring genes takes the form of a saturating response func-
tion. In particular, the term y;(t)?/(y;(t)? + 1) possesses a
Hill-function-type nonlinearity: When the expression level of
gene j is low (resp., high), its regulatory effect is weak (resp.,
saturates). Such saturation is a standard feature in biochem-
ical regulation models and is one reason why MM systems
are widely used in systems biology [53], [54]. Under (13), a
stationary state of the cell y* defines a collection of gene states
that do not change, i.e.,

Y(8)i={y RV sy = XL, Sy, Vie V. (14)

Note that in general |V*(S)| > 1. For example, it must hold
that 0 € Y*(S), while there may be other non-zero solutions
satisfying (14).

In the context of GRN dynamics, the resilience property
refers to the ability of a GRN to maintain non-zero stationary
states after the system is perturbed due to, e.g., gene knockout
or suppression of regulatory interactions. We are interested
in the notion of universal resilience that is governed by the
GRN dynamics equations and graph topology, independent of
the specific types of perturbations. To this end, the work [29]
proposed a metric based on the heterogeneity of graph topology
and showed that the latter is correlated with the resilience of
GRN against edge deletion perturbations.

Departing from [29], we propose an alternative resilience
metric by directly measuring the number of non-zero genes in
the stationary state. In particular, we consider

Rob(S) =

1—e 7Y

maxyey* S) Z’L 1 mv (15)

which approximates the number of non-zero genes in the sta-
tionary states resulting from S. Here, o > 0 is to control the
approximation error and a larger o leads to a closer approxima-
tion. On one hand, we have Rob(S) = 0 if and only if the GRN
only has null stationary states. On the other hand, a GRN with
higher Rob(,S) has more genes that are active, which intuitively
implies a more resilient GRN. Eq. (15) motivates the following
formation-model hypothesis for GRN topology S —

some biological networks may be shaped by pressures
favoring the resilience property approximated by Rob(S).

_Accordingly, we use the merit function R(S) = —Rob(S) +
(8/2)||S|2. Note that
1 —e 99 1

l+eovi “14eow
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Fig. 2. Resilience in gene regulatory networks in E. coli [29]. The x-axis
Pperturb is the proportion of link loss. Left: Rob(S') /2 averaged over perturbed
graphs. Right: The survival rate, i.e., the fraction of perturbed graphs that
retain non-null stationary states.

Hence, the sigmoid-based objective used below is equivalent to
(15) up to an additive constant and a rescaling of the regular-
ization parameter.

Direct verification of this hypothesis is difficult because the
true formation mechanism is unknown. We adopt an empirical
approach by examining Rob(,S) when S is taken as the E. coli
GRN [29], which has N = 1454 genes and | E| = 3170 edges,’
and comparing its corresponding values to control graphs gen-
erated as Erd6s-Rényi (ER) or Preferential Attachment (PA)
graphs with the same number of genes and edges. The left panel
of Fig. 2 compares average values of Rob(S’) against Pperturb,
where S is obtained by randomly deleting a fraction of pperturb
edges from S. Observe that E. coli has a consistently higher
Rob(S’) than the control graphs with similar edge densities.
This observation is consistent with the modeling hypothesis.
In the right panel of Fig. 2, we compare the survival rates of
the GRNs (i.e., the probability of attaining non-null stationary
states) under edge deletion perturbations. A similar pattern is
observed in the survival-rate results, showing that E. coli admits
a more resilient topology than the random controls.

Finally, we combine the formation model with a generation
model inspired by the linear dynamic approximation in GRN
inference [55], [56]. Utilizing observations of the GRN sta-
tionary states after knockout experiments as X ~ —S ™' P, we
consider the following graph topology learning problem:

N
1

: cap) — 2 2

o o(S;y) = SX + Pl + BIIS|l% - A; TFeow
Y Siu3
sty = Z Sig J ,VieV, SeSnq. (GL-GENE)
i

Here, § = /\73 > 0, A > 0 are regularization parameters and Snq

was defined in (5) with the normalization constant a > 0. We
note that, unlike the network-game case, the lower-level station-
ary system in (GL-GENE) may admit multiple equilibria. This
distinction will be important when we discuss the convergence
of our proposed algorithm in Sec. IV.

3We took the largest connected component in the E. coli graph.
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IV. TTGD ALGORITHM

This section develops a two-timescale gradient descent
(TTGD) algorithm to tackle the graph learning problem with
functional priors. Recall that (GLFP) can be written as

min _ ®(S;y) s.t.Y(y;S) =0.

16
SeS,yey (16)

Note that Y(y;.S) =0 consists of N nonlinear equality con-
straints. For the purpose of illustration, we assume that (i) the
set of constraints admits a unique solution y*(S) for any
SeS,ie, Y(S)={y*(S)}, and (ii) y*(S) is Lipschitz con-
tinuous w.r.t. S. These are common assumptions in the bilevel
optimization literature [30], [57]. Under these assumptions,
Problem (16) can be reformulated as

min £(S) := &(S;y™(S5)).

The above problem can be handled via the standard projected
gradient descent (PGD) algorithm: At iteration k£ > 0,

S = Projg(S* —yVU(S*), VE>0, (7

where y > 0 is the step size, Projg(+) is the Euclidean projection
onto S. The challenge of (17), however, lies in the gradient
computation V¢(S") since £(S) has an implicit dependence on
S via y*(+). To proceed, let us define the map

Vo(S;y) = Vsd(S;y)

~ (IsY(y:8)) T (JyY(y: S))~ " Vy@(S; ),
(18)

where JgY(-),J,Y(-) denote the Jacobian of the operator Y
w.r.t. S, y, respectively; and Vg®(-), V, ®(-) denote the partial
gradient taken w.r.t. S, y, respectively. When Y(+) is smooth, it
is shown in [57] that with g* := y*(S"), the gradient of £(S*)
can be computed as

V(S = Vo(S*; gh). (19)

In other words, evaluating V(.S k) requires the unique solution
to Y(y; S¥) =0 in y.

In practice, the unique solution y* (S k) may not be available,
so the TTGD update uses V®(S"; y**1) as an approximation
of V/(S*). The approximation is exact only when y*+! =

* k
y*(S%).

To generate y* that tracks y*(S k), we observe that

Y(y;8)=0=Fy;8) =y, F(y;8):=y—Y(y;9).
The lower-level TTGD update applies the relaxed map

Fo(y;8) == (1 — )y + aF(y; S) =y — aY(y; S).

With a small stepsize «, it can be shown that F, is a contractive
self-map under mild conditions; see Sec. IV-A. The above ob-
servations suggest a two-timescale algorithm mimicking (17)
that simultaneously updates y and S at different paces — a
larger step size for y and a smaller step size for S. In this
way, Sk will appear to be ’static’ w.r.t. y*. Hence, the fast
convergence of the relaxed fixed point iteration of y"* allows it
to track the true solution y*(S*). Accordingly, V®(S*; y#+1)
approaches V{(S").
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Inspired by [30] and the above, we formalize our algorithm
as follows: Let v > 0, « € (0, 1] be the step sizes and consider

Two Timescale Gradient Descent (TTGD): For k > 0,
¥ =y +a(Fy" 8T - oh),
SH = Projg(8* — 7 Va(S*;yk ).

(20a)
(20b)

In the update of yk in (20a), we have resorted to a relaxed
version of the fixed point iteration with « € (0,1]. Our anal-
ysis will show that such a relaxation is necessary to guaran-
tee convergence in several cases. Since y**! is formed by a
convex combination between y* and F(y*; Sk), by induction
y*t1 €Y for any k as long as y° € ).

Although TTGD is developed under the assumption that
lower-level equations have a unique solution, the TTGD iterates
remain well defined and can still be computed when the unique-
ness assumption is violated. In the latter case, y* LS ) may not be
a singleton and V/(-) is not well defined. Thus, V& (S*; y*+1)
should be interpreted only as a computable search direction.
Nevertheless, the updates themselves remain well-defined as
long as Y(+; S) is differentiable and J, Y is invertible.

Remark 1: The inverse in (18) need not be formed explicitly.
Instead, the implicit-gradient term can be evaluated by solving
the adjoint linear system

(JyY) v =V,d.

For directed graphs, the Jacobian J,, Y may not be symmetric.
Hence, standard conjugate gradient is not directly applicable
in general. Instead, one can use truncated Neumann approx-
imations or asymmetric Krylov methods. The key computa-
tional bottleneck is solving the dense N x N adjoint linear
system. A direct factorization costs O(N?) FLOPs per iteration
in the dense setting. Alternatively, one may approximate J, Y
by its diagonal part D [58]. Writing J,Y =D — E=D(I —
D 'E),if |D"'E|| < 1, then
(1Y) '=1-D'E)"'D' =Y (D'E)"D".
q=0

The diagonal approximation retains the leading-order term
D' Note that in a network, the off-diagonal entries of J,Y
encode inter-node interactions in the equilibrium system. Dis-
carding them may lead to inaccurate gradient estimates when
network coupling effects are strong. Our convergence result
below (Theorem 1) focuses on the case where the full Jacobian
is used and does not cover the diagonal approximation.

A. Convergence Analysis for TTGD

This subsection studies the convergence of TTGD. Through-
out, we characterize the convergence behavior via the stationary
measure for optimizing a smooth non-convex function ¢ over a
closed convex set S. For any v > 0, we define

G4(8) := [771(S — Projs (S — yVU(S)))II%

as the squared Frobenius norm of the projected-gradient resid-
ual. A point S is called a stationary point of (16) if it satisfies



4072

0 € VUS) + 0ts(S) [59]. Here, Ous(S) is the subdifferential
of the indicator function ¢s at S [60]. From the definition of pro-
jection operators, it is obvious that if S = Projg(S — yV{(S))
for some v > 0, then S is a stationary point. When G (S) is
small, we expect that S is close to a stationary point.

We specify a few general conditions that are sufficient for the
convergence of TTGD:

HI: The set S is convex and compact.

H2: The set ) is nonempty, closed, and convex. For any S €
Sandye€), F(y;S) €Y. Here, F(y; S) :=y — Y(y; S).

H3: There exists a p,, € (0,1) such that for any S € S and
Y1, Yy € Y, the following chain holds:

(1= py)llys — yall3 < (Y15 8) = Y(y2: S), 41 — ys)
<Y (y1:5) =Y (ya; S)ll2llyy —wall2 < (1411 lly1 — w5 13-

H4: The objective function (S, y) — ®(S;y) is smooth. In
particular, there exists an Lg > 0 such that for all S;,S>€ S
and y;,y, €,

[VO(S1;91) — VO(S2;9o) |l r < La||(S13:91) — (S2;99) || 7

Here, V® = (Vg®;V,®) is the gradient of ®(S;y) taken
w.rt. (S;y).

HS5: The mapping (y, S) — Y(y; S) is smooth. In particular,
for all B > 0, there exists an Ly > 0 such that for all S1,S5 €
S and y,,y, € Y satisfying ||y, |2, ||ys]l2 < B, we have

I9Y (y1; 81) = Y (y2; S2)llp < Ly [[(S1591) = (S2;92) |,

where JY = (J,Y;JsY) is the Jacobian of Y(y;S) w.rt.
(y; S).

Note that a mapping is smooth if it has continuous partial
derivatives of all orders. For a closed domain, smoothness in-
dicates that the mapping is the restriction of a smooth mapping
defined on an open neighborhood of that domain. For the re-
laxed map F,(y; S) =y — a¥Y(y; S), H2-H3 give

”Fa(yl;s) - Fa(y2;S)”§
< [1 =201 = ) + (1 + )] lyy — wo13-

Thus, F,, is a contractive self-map for 0 < o < 2(1 — p,,) /(1 +
f4y)?, whereas F1 need not be contractive. This yields a unique
solution to Y(y;S)=0. For directed graphs, J,Y may be
asymmetric, but H3 implies that

Sym(JyY) = (1 — py)1, Omin(JyY) > 1 — iy,

i.e., the Jacobian remains nonsingular. Together with H1, it can
be shown that {y*} from updates (20a) with properly chosen
« is bounded. Furthermore, H4 and HS imply that the gradient
map V®(-) is locally Lipschitz continuous w.r.t. S and y,
respectively. Together, @CD() is Lipschitz continuous over the
sequence {(S",y*)} generated by TTGD updates (20). Based
on the above observations, we adapt the proof in [30] and obtain
the following convergence result. The full proof is deferred to
the supplementary material. We give the main argument below.
Theorem I: Suppose that H1 to H5 hold. Let Ly, Lz, and L,
be the constants defined in the supplementary material. Set

L — py : 3 ol —py)
o vﬁmm{ — 5

o= —= —,
1+ 1) AL, 4LgL,
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Then, for any K > 1, we have
. ky _ -1
,pin G,(S")=0(K7).

Proof sketch: The proof has three parts. We first show
that the lower-level iteration (20a) is contractive, so y* tracks
y*(S k) We then use this to control the gap between the com-
putable implicit gradient @CD(S *.yF*1) and the exact gradient
VE(S’“). Finally, the Jacobian regularity assumptions ensure
that the implicit gradient is well defined along the iterates. The
result then follows from a projected descent argument. U
Network Games. We next provide sufficient conditions for
satisfying H1 to HS by specializing (16) to the network games
settings in Sec. III-A. Throughout our discussion, we take S =
Sng as specified in (3) with the parameter ¢ > 0. Define

fing = ma ||

This constant is finite because S, is compact. Moreover, S1 =
cl implies that ¢ = p(S) < ||S||2, hence kng > c.
We first consider the assumptions about the functional regu-
larizer R(S) induced by LQ games.
H6: Consider the payoff function Ul-lq(-) in (10) with Y =
[0, 00) .
o For all i € [IV], the marginal benefit satisfies b; > b* > 0.
e The interaction function is smooth and satisfies f(0) =0,
f(y) >0 for any y > 0.

e There exist Ls1,Lyso such that the interaction func-
tion satisfies |f'(y)| < L¢1, |f"(y)| < Lo for any y €
(0, 00). Moreover, we have Ly,1 < pg'.

Under the above assumption, the work [44] showed that an
NE exists and is unique for any S € S. Furthermore, we observe
that

Proposition 1: Under H6, there exists a smooth map Y(-)
such that Y (y; S) = Y(y; S) for any y € Y, S € Sy Further-
more, H1 to H5 hold for the special case of (GL-NG) with Y (-)
and ®(-).

The full proof is deferred to the supplementary material. We
next consider RT games to instantiate the functional regularizer
design:

H7: Consider the payoff function U/*(-) in (11) with Y =
[T, ai] == {y €RY 1y € b, 0], ¥i € [N]}.

e For all i € [N], the marginal benefit and action bounds

satisfy 0 < b, <b; < a; and b; > b* > 0.

o With a,,.x := max; a;, the interaction function is smooth

and satisfies g(0) =0, g(z) > 0 for any = € (0, ¢ Gmax].

e There exist Ly 1,Lg2 such that the interaction func-

tion satisfies |¢'(x)| < Lg1, |g” ()] < Lgo for any z €
[0, ¢ amax)- Moreover, we have

. B a;—b;
Lg1 <min {K‘,ngl, min : L } .
1€[N] CQmax

Under the above assumption, the work [49] showed that an NE
exists and is unique for any S € S. Similarly, we observe that

Proposition 2: Under H7, there exists a smooth map Y(-)
such that ?(y7 S)=Y(y;S) forany y € Y, S € Spq. Further-
more, H1 to H5 hold for the special case of (GL-NG) with Y (-)
and O(+).
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Under H6 and H7, respectively, Theorem 1 applies to the LQ
and RT instances of (GL-NG).

Remark 2: For the graph learning formulation (GL-GENE)
considered in Sec. III-B, H2 and H3 are violated whenever the
system Y (y; S) = 0 admits a nontrivial solution y # 0 along-
side the persisting trivial solution y = 0. Since the regime with
nontrivial stationary states is precisely the case of interest in
GL-GENE, Theorem 1 does not provide a convergence guaran-
tee for TTGD when it is applied to (GL-GENE). Nevertheless,
the numerical results in Sec. VI-B suggest that TTGD can still
be used as a heuristic and produce meaningful graph estimates
in this more challenging regime.

V. STRUCTURAL INTERPRETATION FOR R(S)

This section investigates the relationship between functional
priors and structural priors on graph learning. We note that as
(GLFP) gives a biased graph estimator with A > 0, even when
M > 1, an optimal solution to (GLFP) may not coincide with
the true underlying graph. Thus, it may be futile to discuss
exact recoverability with (GLFP). In this section, we focus on
analyzing the optimal solutions to graph learning problems that
are regularized by functional priors and suggest the types of
graph structure they induce. As bilevel optimization problems
are often difficult to analyze, we concentrate on the two case
studies in Sec. III and consider the approximations to the latter.
Network Games. Our first step is to construct an approximation
of (GL-NG) that is amenable to analysis. Consider the following
properties, which are implied by H6, H7 in the previous section:

1) The functions f(-), g(-) are ¢;-Lipschitz continuous with

/< %

2) We have f(y) > 0 for any y > 0, whereas g(y) > 0 for

any y € (0, ¢ Gmax]-

3) For any S € Sy, yNE(S) is in the interior of V.
Observe the following proposition:

Proposition 3: Consider the bilevel problem (GL-NG). Under
the above conditions, we have

VN |[b]
1—ct
Consequently, for any S € Sy, we have

Tr(STD)+ B||S||2 — M117Sb—AlTe
< Te(STD) + B8] — A1 TyNE(S)
<Tr(S'D)+B|S||% — Al TSb—AlTe,

IyNE(S)|l2 < B* = L VS € Sng.

(21)
= bl 1+b, o= 011 with

1—ct, T—cpur
1 min *
b* = min;cny b;. For LQ games, p; = ‘vele—B]f(y)

For RT games, w1 = %W, where
Brr := min{B*, ayax }-

The proof is relegated to Appendix A-A. Eq. (21) implies
that (GL-NG) can be approximated by

: T 2 _ 34T
Srrél}gr:gTr(S D)+ 3||S||% — A1'Sb

where

(GL-NG-App)

for some A > 0 proportional to \. Importantly, (GL-NG-App) is
a convex program with affine constraints. Analyzing the KKT
conditions of (GL-NG-App) leads to

4073

Proposition 4: There exists an € R such that any optimal
solution to Problem (GL-NG-App) is given by

S:(J = %max{o,;\bj —‘r’l]l — Dij}-

for any 7 # j and S}; = 0. It also holds that S*1 = c1.

The proof is in Appendix A-B.

Together, Propositions 3 and 4 show that when A1, an op-
timal solution to (GL-NG) can be approximated as S7; ~ %b‘j
for any ¢, j € V. As the marginal benefits b may vary between
agents in practice, any optimal solution to (GL-NG-App) (and
thus (GL-NG)) gives a graph topology that exhibits a ‘multiple
hub’ structure where the majority of edges will be emanating
from nodes with large b;. This observation coincides with the
human-made network examples studied in Table I, where we
observe a number of ‘hub’ nodes.

Proposition 4 provides a structural characterization of the
biased estimator induced by the functional prior, rather than a
guarantee of exact topology recovery. When A\ > 0, the func-
tional prior introduces a task-aligned bias, so the learned graph
should be understood as balancing data fidelity and the pre-
scribed functional objective. In particular, Proposition 4 ex-
plains why hub-promoting structures emerge in the large-A
regime, which is consistent with the network-formation view-
point underlying the functional prior.

Network Dynamics. Similar to the previous case, we proceed
to derive an approximation of (GL-GENE).

Proposition 5: Consider the problem (GL-GENE) and denote
its optimal value by v&gye. We have

* . 2 2 31T Q2 NA

vgene = in [[SX + P + B|S|lF — A1 §°1 — ——,
SESnd 2
(GL-GENE-App)

where \ = %A.

The proof is relegated to Appendix A-C. Proposition 5 gives
a one-sided approximation of (GL-GENE). This approximation
is less tight compared to that of Proposition 3. Still, it pro-
vides useful insights into the optimal solution to (GL-GENE).
Additionally, we remark that the regularization term in (GL—
GENE-App) is related to the resilience quantity proposed in
[29], which is defined as

_1784(9)
Bes (S) = 1Ts1

This proxy reflects a degree-heterogeneity effect at the topology
level. Under 17 S1 = a, Bg(S) is proportional to the regular-
ization term 17 8?1 in (GL-GENE-App).

The single-level problem (GL-GENE-App) remains noncon-
vex in general due to the term —-178%1. Therefore, we concen-
trate on the solutions that directly maximize 17§21, which cor-
respond to the regime with A > 1. This observation motivates
the structural characterization:

Proposition 6: For any S§* € argmaxgcg 17821, there
exists a pair (¢*, j*) such that i* # j* and

5t { i (i,4) = (%, 5*) or (37, i%).
1] ()7

. d(S):=S1.

otherwise.
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The proof can be found in Appendix A-D. In other words, when
A > 1, every optimal solution to (GL-GENE-App) corresponds
to a graph with only one bidirected edge.

As with Proposition 4, this result should be interpreted as a
structural characterization of the prior-dominated estimator in
the large-\ regime, rather than as a claim that the underlying
GRN topology is recovered by such a one-edge structure. In
practice, the regularization parameter A is moderate, so the
actual estimator balances data fidelity against the resilience-
promoting bias rather than collapsing to the limiting one-edge
solution.

A. Functional Priors as Generalized Graph Filter Priors

Our last endeavor is to interpret the functional priors via the
conduit of generalized graph filter priors. In particular, we show
that any polynomial regularizer of the GSO S can be written
as a functional prior regularizer.

To facilitate our discussion, we first introduce the notion of
graph filter (GF) regularizers for use in (1) to induce structural
properties in the learned graph. Formally

Definition 1: A graph filter (GF) regularizer R : RV XN —
R is

Rer(S) = f o H(S).

Here, f:RY*N R is a linear operator and H : RN*N —
RM*N is a linear graph filter defined as H(S) = hol +

P h;S', where p is the filter order and {h;}?_, are the
filter’s coefficients [38].

The class of GF regularizers is general enough to cover most
of the structural regularizers. We consider two examples.

Example 1: For a symmetric GSO, the structural regularizer
R(S) = ||S||% satisfies ||S||% = Tr(S?). Hence, one may take
f(-)="Tr(-) and H(S) = S [6].

Example 2: The spectral regularizer R(.S) is designed to
regulate the clustering properties of a graph and can be ex-
pressed as a function of singular values of S (e.g. (7)) [25]. Note
that for a symmetric GSO, S admits an eigen-decomposition
S=UAU" and H(S) = U(Zfi1 h;A")U". Hence, a spec-
tral regularizer can be expressed as a GF regularizer with f(-) =
Tr(-) and a carefully designed low-pass graph filter H that
attenuates the high-pass part of the singular values of S.

In fact, the approximate forms of the bilevel problems de-
scribed above, i.e., (GL-NG-App) and (GL-GENE-App), are
also special cases of GF regularizers. For the term —1' Sb in
Proposition 3, we have f(-) = —1" (-)band H(S) = S. For the
term —17 8?1 in Proposition 5, we have f(-)=—1"(-)1 and
H(S)= 8%

Finally, we conclude with the following lemma, which shows
that any GF regularizer can be expressed as a functional prior
regularizer, and the corresponding graph learning problem can
be written as a special case of (16).

Lemma 1: For any GF regularizer Rgr(S) = fo H(S),

there exists a Y :RY x RV*N 5 RN gsuch that for all S €
RNXN’

Rer(S) =1"y(S) (22)
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and y(S) is the unique solution to Y(y; S) =0.

Proof: As f:RN*N R is a linear operator, the
Riesz representation theorem [61] shows that there exists
a constant matrix Z € RM*N guch that f(H(S))=
Te(Z"H(S))=1"y, where y=diag(Z"H(S)).
Subsequently, we may choose Y(:;S) as the mapping
Y(y;S) =y — diag(Z ' H(S)). Observe that the desired
condition (22) holds. O

VI. NUMERICAL EXPERIMENTS

This section presents numerical experiments to validate the
effectiveness of the proposed graph learning method using func-
tional priors induced by network games in Sec. III-A and gene
network dynamics in Sec. III-B. Throughout, the area under
the receiver operating characteristic curve (AUC) is used as the
primary metric for graph-support recovery. Since the ground-
truth graphs are evaluated through their binary supports and the
learned continuous edge weights are used as ranking scores,
AUC does not measure precise edge-weight recovery. Thus,
complementary weight- and support-recovery metrics are re-
ported in the supplementary material. Unless otherwise stated,
TTGD is terminated when

IS — S _ g

max{1, |S*|r} ~
The parameter [ is selected from the grid
{1, 5,10, 50,100,200} based on the validation AUC, separately
for each experiment. The step sizes («,y) are tuned for stable
TTGD updates, while c is fixed as the normalization parameter
in the feasible set S,,. The assumptions in Sec. IV provide
sufficient conditions for convergence and are not explicitly
enforced in every numerical setting.

A. Network Games

In this subsection, we focus on the case with priors induced

by network games in (GL-NG).
e Synthetic Data. Our first experiment evaluates the graph
learning performance using synthetic random graphs and syn-
thetic graph signals. We generate G as a preferential attachment
(PA) graph with N = 50 nodes and one edge to attach for every
new node. The probability of attaching to an existing node is
proportional to its degree, normalized over the total degree, i.e.,
P(i)=d;/}_; d;. Additionally, we generate G as an Erd6s—
Rényi (ER) graph with N = 50 nodes and connection proba-
bility of 0.1. We concentrate on a scenario with limited data
acquired, where only M =10 < N smooth graph signals are
observed. Each graph signal is generated via a low pass graph
filter as @,,, = exp(S/2)wy, + Wy, Where w,, ~ N (0,I)isan
i.i.d. white noise excitation and w,, ~ N (0,w?I) is an i.i.d.
additive noise with w =0.2. We also fix (3, ¢) = (200, 0.95)
for (GL-NG).

We benchmark (GL-NG) against four methods: (i)
Smooth-GL method [6], (ii) approximate bilevel problem in
(GL-NG-App) (referred as linear approx.), (iii) QuadGame-
GL method [62], which learns network structure from network
games model; (iv) SpecTemp method [12], which uses the
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----- Smooth-GL [6] =4 Linear Approx. by (GL-NG-App)
=== QuadGame-GL [62] —_ SpecTemp [12]

== GL-NG f(z) == GL-NG f(z) = log(1 + z)
-o- GL-NG ¢(z) = z(1 — )

AUC
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Fig. 3. Performance of (GL-NG) using TTGD for learning from PA graphs
(top) and ER graphs (bottom). Left: AUC scores. Right: Social welfare values.

spectral signature of the covariance matrix. For (GL-NG), the
network games (10) and (11) are specified with the normalized
marginal benefit vector b= max(vy,0)/| max{vy,0}|1,
where v; is the top eigenvector of the Euclidean distance
matrix D. The matrix D is given by D;; = [|&}*" — &V ||3.
This data-derived choice is used only as a simple proxy for
heterogeneous intrinsic incentives. When no useful node-
level information is available, a homogeneous vector b x 1,
normalized in the same manner, provides a natural default. For
the RT experiments, we set a = 1 and b; = b; for all i € [N].

For the linear-quadratic (LQ) game (10), we consider two
different interaction functions, namely f(x) =z and f(x)=
log(1 + x); for the race & tournament (RT) game (11), we con-
sider the interaction function g(z) = x(1 — ). These choices
encode different peer-effect assumptions: f(z) =« gives ad-
ditive unsaturated spillovers, f(z)=1log(1l + z) gives dimin-
ishing marginal spillovers, and g(z) = x(1 — x) gives a non-
monotone response to aggregate peer activity. In our experi-
ments, the bilevel optimization problem is tackled using TTGD
with the following step sizes. For LQ games with f(x)=
x, f(x) =log(1 + x), the step sizes are («,~y) = (0.5,0.003),
while for RT games with g(x) = (1 — z), the step sizes are
(a,v) = (0.1,0.0005). The algorithm terminates after 700 iter-
ations for f(z) =z and 195 iterations for f(z) = log(1 + x).
For g(z) = (1 — ), the algorithm terminates after 250 itera-
tions.

Fig. 3 shows the performance of graph learning algorithms
against the regularization parameter ), averaged over 20 Monte-
Carlo trials. Note that as A increases, the regularized graph
learning objective will become more dependent on the network
games prior and, according to Proposition 4, (GL-NG) tends to
learn a graph topology with few hub nodes.
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We concentrate on the performance of (GL-NG). For PA
graphs with hub structures, we observe substantial improvement
in AUC as A increases. As a control, for ER graphs that lack ob-
vious hub structures, the improvement in AUC is only modest.
The social welfare consistently improves for both graph types
as A grows. These results corroborate that of Proposition 4,
which shows that with M < N, the functional regularizer in
(GL-NG) promotes a hub structure and improves the graph
learning performance. We next examine how the performance
varies with the sample size and the network size in Fig. 4.
The results show a consistent advantage of the proposed GL-
NG model with f(x)=x: Its AUC improves steadily as M
increases, while it remains clearly superior to the competing
methods as N increases. The figure in the supplementary ma-
terial reports the runtime as IV increases. It shows the expected
increase in cost for the full TTGD update.

Our second experiment considers synthetic graph signal ob-
servations while focusing on G given by the Karate Club
graph, which consists of N =34 nodes. We have M = 50
samples of smooth graph signals generated from the Gaussian
Markov Random Field (GMRF) model with the precision ma-
trix given by the graph Laplacian [5]. Our aim is to showcase
the necessity of tackling the bilevel problem (GL-NG) using
TTGD instead of the single-level optimization approximation
(GL-NG-App). Fig. 5 shows the Pareto fronts of the bilevel
solution and the approximate solution, computed by varying the
regularization parameter \ that trades off between the smooth-
GL objective J(S; X)) and Wel(S). As expected, we observe
that the TTGD algorithm achieves a better Pareto front than the
approximate solution in all cases. The three welfare functions
have different scales, so the vertical axes should be compared
only within each panel; a better front gives higher welfare at a
comparable data-fitting loss.

e Real Data: Case Study I. We evaluate our proposed TTGD
algorithm on two real-world social network datasets in the
limited data setting, characterized by M < N.

The Groningen dataset contains M = 13 signals taken
from a friendship network of students in University of Gronin-
gen with N =38 nodes in 1996. The signals capture each
student’s level of interest in social activities (e.g., attending
concerts and movies). We set 5 = 10 and define b to encode


https://www.stats.ox.ac.uk/%7Esnijders/siena/vDuijn_data.htm
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Middle: Prior with f(x) = z. Right: Prior with g(z) = z(1 — z).

the study program, where Program = 1 corresponds to the 4-
year track and Program = 2 to the 2-year track. Additionally,
we normalize b as b = b/1 " b. The Dut ch dataset comprises
N =26 nodes and M = 7 signals, representing the friendship
network of teenagers in a Dutch school in 2003-2004. The
signals measure negative behavior, such as the frequency of
stealing or alcohol consumption. Again, we set 5 = 10 and let b
encode ethnicity, where Ethnicity = 1 is Dutch and Ethnicity =
2 otherwise. We then normalize b accordingly. These covariates
are used as simple, interpretable proxies for heterogeneous in-
trinsic incentives and are not claimed to be causal determinants
of the observed friendship networks.

Table II presents the highest AUC values by tuning A for our

(GL-NG)-based methods, alongside the corresponding social
welfare values. We observe that in both datasets, (GL-NG)-
based methods consistently outperform other benchmark meth-
ods in terms of AUC and welfare. Specifically, for Gronin-
gen, the LQ game induced prior with the interaction f(x) =
x achieves the best AUC performance. For Dutch, the RT
game induced prior with the interaction g(x) = z(1 — ) gives
the best AUC performance. A cautious interpretation is that
Groningen’s cooperative-activity signals are compatible with
additive spillovers, whereas the Dut ch risky-behavior signals
may be better represented by bounded, non-monotone aggre-
gate effects. Note that we anticipate different real-world net-
work data may inherently have different interaction dynamics.
Nevertheless, our (GLFP) framework improves performance by
incorporating functional priors.
e Real Data: Case Study II. Our second set of real data
experiments considers learning the graph topologies from a set
of real data taken from Indian villages [63]. The dataset consists
of survey data from 40 villages, each taken as an individual
graph to be learned by (GL-NG). Here, the networks have sizes
ranging from N = 77 to N = 330 agents, and M = 16 samples
of graph signals are observed for each network.

We set the parameters in (GL-NG) with A = 100, 5 = 50,b =
h + 1, where h; € {0, 1} encodes the microfinance-related sur-
vey indicator © hhSurveyed’ and b is normalized such that
b'1=1. Fig. 6 shows the boxplots of AUC values for graph
topologies learned under different settings and algorithms, com-
pared against the ground-truth network reported in [63]. We
observe that (GL-NG) generally yields higher AUC values than
the benchmark methods. Similarly, Table III reports the max-
imum/average/minimum gain in social welfare relative to the
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TABLE 11
COMPARING THE AUC AND WELFARE OF DIFFERENT GRAPH LEARNING
MODELS ON GRONINGEN AND DUTCH

Wel(S) by
AUC x log(l+z) z(1—x)
Groningen dataset
GL-NG (f(z) =) 0.6357 | 27.7721 8.7035 5.9668
GL-NG (f(z) =log(1+ z)) | 0.6207 | 26.5906 8.6225 5.9557
GL-NG (g(z) = z(1 — x)) 0.6201 | 26.5722 8.6432 5.9739
Linear Approx 0.5354 | 20.0577 7.5192 5.4005
Smooth-GL [6] 0.5354 | 20.0566 7.5190 5.4003
QuadGame-GL [62] 0.5490 | 14.5312 5.7325 4.2091
SpecTemp [12] 0.4890 | 19.7591 7.4576 5.3658
Glasso [4] 0.5617 | 16.6454 6.4513 4.6939
Dutch dataset

GL-NG (f(z) = =) 0.6127 | 21.3681 6.7664 4.6940
GL-NG (f(z) =log(1+x)) | 0.6159 | 22.5223 6.9465 4.7810
GL-NG (g(z) = z(1 — x)) 0.6186 | 23.0427 7.0260 4.8187
Linear Approx 0.6186 | 21.4615 6.7831 4.7030
Smooth-GL [6] 0.5840 | 18.6902 6.3571 4.6357
QuadGame-GL [62] 0.6048 | 18.3942 5.9083 4.1413
SpecTemp [12] 0.4828 | 20.6126 6.6480 4.6357
Glasso [4] 0.5786 | 18.1852 5.3394 2.7934
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Fig. 6. Comparing the AUC performance of the graph learnt from Indi-
anVillage [63].

ground truth. We observe that the graphs learned by (GL-NG)
attain higher welfare values under the prescribed network-game
model, which is consistent with the role of the functional prior
in steering the estimator toward graph structures that reach high
values on the target task. A natural network may settle for
a compromise among multiple competing objectives, whereas
our regularized estimator emphasizes a prescribed functional
aspect. It is therefore possible for the learned graph to attain
a higher task-related score; see also Sec. V. The structural
recovery quality is evaluated separately through AUC.

B. Gene Regulatory Dynamics

In this subsection, we focus on the case with priors induced
by gene regulatory dynamics in (GL-GENE).
e Synthetic Data (DREAM4). The first experiment considers
the In-Silico (i.e., synthetic) data from the DREAM4 Chal-
lenge. The DREAM4 networks are sub-networks of curated
transcriptional regulatory networks from E. coli (RegulonDB
6.0 [64]) and S. cerevisiae [65], with all self-loops removed.
The dataset was used in the DREAM4 network inference chal-
lenge and contains N = 100 genes and M = 100 perturbation


https://www.stats.ox.ac.uk/%7Esnijders/siena/tutorial2010_data.htm
https://gnw.sourceforge.net/dreamchallenge.html#dream4challenge
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TABLE III
GAIN IN SOCIAL WELFARE OF THE GRAPHS LEARNED FROM THE
INDIANVILLAGE DATA [63]. THE THREE ROW BLOCKS REPORT WELFARE
GAINS EVALUATED UNDER THE INTERACTION FUNCTIONS f(z) =z,
f(z) =log(1l + z), AND g(x) = (1 — x), RESPECTIVELY

Wel(g ) — Wel(Stue) Maximum Average Minimum
GL-NG (f(z) =x) 4.2754 3.2077 2.1693
Linear Approx. -0.4790 -1.4241 -2.3927
Smooth-GL [6] -2.3288 -5.8141 -8.6115
QuadGame-GL [62] -1.9386 -3.5631 -5.5949
SpecTemp [12] 0.2653 -2.8122 -6.6532
Glasso [4] -0.7666 -4.1383 -10.3377
Correlation -2.6829 -3.3693 -4.4143
GL-NG (f(x) =1log(1 + z)) 1.4464 1.1892 0.8461
Linear Approx. -0.0676 -0.6144 -1.1429
Smooth-GL [6] -0.5440 -2.8292 -5.0419
QuadGame-GL [62] -0.8206 -1.6814 -3.3074
SpecTemp [12] 0.1453 -1.2226 -3.6324
Glasso [4] -0.3700 -2.0347 -4.9003
Correlation -0.7413 -1.4614 -1.9076
GL-NG (g9(z) =z(1 — z)) 1.0312 0.7769 0.5476
Linear Approx. -0.0292 -0.4454 -0.9317
Smooth-GL [6] -0.4165 -1.0737 -1.7126
QuadGame-GL [62] -0.5334 -1.2174 -2.5642
SpecTemp [12] 0.1147 -0.8539 -2.6901
Glasso [4] -0.2443 -1.4959 -3.7367
Correlation -0.4475 -1.0201 -1.3848

experiments. Note that the effect of knockouts in GRNs is
complex and the data-fitting loss (4) is a simplification. This
experiment pertains to the case with imprecise data models.
In the following, we consider (GL-GENE) with the parameters
a =240, 6 =10,0 = 1.

We also report the level of resilience for each learned graph
topology subject to random edge removal. We simulate nper =
200 perturbations by randomly deleting edges from the learned
graph with probability p € {0,0.1}, producing a perturbed
topology set S. We then compute the expected resilience metric
as E[Rob(S)] = ng > g Rob(S).

Fig. 7 reports the AUC together with the corresponding re-
silience values of the graph topology found by (GL-GENE)
as A varies within [0, 500], which illustrates the effect of ran-
dom edge removal on resilience. Recall that under the fixed-
total-weight constraint 17 S1 = a, the topology-level resilience
proxy in [29] reduces to the same degree-based score un-
derlying (GL-GENE-App). Hence, the empirical performance
of (GL-GENE-App) serves as an indirect evaluation of the
topology-level mechanism highlighted in [29]. As a benchmark,
we compare the performance of (GL-GENE-App), the ridge
regression [39], [40], and the resilience of the ground truth
topology. We additionally tested Correlation and SmoothGL in
the same perturbation-response setting; their DREAM4 AUC
values are only 0.2363 and 0.2359, respectively. As expected,
network-game-based baselines perform substantially worse in
this GRN setting, which confirms that the issue is not simply
the choice of baseline, but the mismatch between their mod-
eling assumptions and the perturbation-response nature of the
GRN data. For easier comparison, we use a scaled regulariza-
tion parameter in (GL-GENE-App) that is set as A = \/1600.
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Fig. 7. Performance of algorithms on DREAM4. Left: AUC. Right: Ex-

pected resilience metric E[Rob(S)] across A. Dashed line represents the
perturbation set with p = 0.1.

We observe from the figure that both the proposed GL-GENE
method and its approximation lead to improved AUC and ro-
bustness of the learned graphs. The main takeaway is the trade-
off across different A\: Moderate regularization improves AUC
and resilience, whereas excessive regularization eventually re-
duces AUC as the estimator overemphasizes the resilience prior.
This behavior can be viewed as prior overfitting. A resilience
value above the ground truth is therefore not evidence of more
accurate topology recovery.

e Real Data (DREAMS E. coli ). The second experiment
considers the In-Vivo (i.e., real) data from the DREAMS chal-
lenge [66]. The dataset contains gene expression data from
E. coli under various perturbation conditions, with N = 4511
genes and M = 56 perturbation conditions. The steady-state
expression levels are treated as the observed data, denoted by
X € R#11x56 We consider (GL-GENE) with the parameters
a = 3500, 5 =1,0 =100. For the small- and moderate-scale
experiments above, we compute the implicit gradient by directly
solving the full adjoint system. This is computationally man-
ageable at the corresponding dimensions and avoids introduc-
ing an additional hypergradient approximation. For DREAMS,
where N = 4511, solving the full system becomes substantially
more expensive. We therefore report both the full-Jacobian GL-
GENE variant and the diagonal approximation DA-GLFP (cf.
Remark 1). The initialization of y, S for (GL-GENE-App),
(GL-GENE), and DA-GLFP are all taken as the output of ridge
regression. Each algorithm is run for 5000 iterations. On a
laptop computer equipped with Apple M1 Pro, it takes 93 min-
utes for (GL-GENE), while it only takes 44 minutes for ridge
regression, 47 minutes for (GL-GENE-App), and 48 minutes
for DA-GLFP. We ignore GLASSO in this setup as the program
did not finish within 4 hours.

We evaluate the inference performance by comparing with
the DREAMS gold standard, which represents a subset of
the gene regulatory network. The gold standard is treated as
an unweighted directed support and the inferred continuous
edge weights are used directly as ranking scores. All predicted
edges are ranked by their inferred weights, and following the
DREAMS protocol, the top 10° links are used to compute the
AUC. To assess the robustness of the graph topology learned,
we report the Rob(S) values for each learned graph topology.
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Replacing the network-game welfare prior with the GRN resilience prior.
Right: Randomizing the node-level benefit vector b.

In addition, we simulate npe, = 50 perturbations by randomly
deleting edges from the learned graph with probability p = 0.1,
forming a perturbed set S.

Fig. 8 presents the performance of the algorithms as A in-
creases. The regularization parameter A in (GL-GENE-App)
is scaled relative to that in (GL-GENE), with A= A/240000.
Observe that the proposed GL-GENE method and its approx-
imation outperform the vanilla ridge regression in terms of
AUC for a wide range of \. Among all methods, (GL-GENE)
yields the best trade-off between AUC and resilience. How-
ever, the resilience of the topology learned by the approximate
method (GL-GENE-App) varies across runs. In comparison,
although DA-GLFP performs slightly worse than (GL-GENE),
its resilience is more consistent than that of (GL-GENE-App).
This is consistent with the model mismatch explanation above:
Off-the-shelf baselines designed for smooth graph signals or
network-game-induced functional priors are not well aligned
with perturbation-response GRN data, so their performance is
substantially worse.

C. Sensitivity to Prior Misspecification

We examine the sensitivity of GLFP to misspecification of
the functional prior. Fig. 9 reports two control experiments that
retain the same PA-graph data-fitting setup used above. In the
left panel, we replace the network-game welfare prior with the
GRN resilience prior. In the right panel, we replace the node-
level benefit vector b with i.i.d. random values in (0, 1). In both
cases, increasing |\| weakens or reverses the AUC gain. These
results illustrate that the functional prior acts as a task-aligned
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inductive bias whose benefit depends on its alignment with the
underlying network.

VII. CONCLUSION

We introduce an equilibrium-constrained bilevel-type frame-
work for graph learning with functional priors. We show that the
squared projected-gradient residuals of the iterates generated by
the TTGD algorithm converge at a sublinear rate under strong-
monotonicity and regularity conditions. Our experiments indi-
cate improved support identification when the prior is aligned
with the formation mechanism, while the added diagnostics
show that weight recovery and AUC need not move together,
and that misspecified or excessive regularization can be harm-
ful. Topics for future research include multiple-equilibrium
theory, consistency guarantees, and scalable asymmetric linear
solvers.

APPENDIX A
PROOFS OF STRUCTURAL INTERPRETATIONS

A. Proof of Proposition 3

_ AsyNE(S) is in the interior of Y, it is also the solution to y =
T(y; S). Here, T;(y; S) := arg max,, U;(y;,y_;; S) is the un-
constrained best response map. Consequently, the Lipschitzness
and positivity of f and g imply that 0 < yNE < ¢, SyNE + b

for any S € Spq. Since S > 0 with row sums S1=cl, we
have ||.S||cc = c. Taking the co-norm on both sides of the pre-
ceding componentwise inequality gives

1y oo < clally™Elloo + [1Blloo,

and hence [|y"%(S)(loc < [[blloc/(1 — ctr). Using |- |2 <
VN|| - ||oo» We obtain

1 Cgl

Since cf; < 1, iterating the componentwise bound yNE <
£,SyNE + band using (S*b); < c¥||b||o for S € Sy, we have

y* < (I +6S)b+||bllo ((c1)® + (cl1)® +--) 1
= (T4 0,8)b+ (1 —cly) " (cl1)?[|b]|oo 1.
Hence, for any S € Sy,
Tr(S' D) + B||S|% — AL Ty*(S)
>Te(S" D)+ B|IS|% — Mi1TSb— AlTe,

5 (S) o < YV bl

where ¢ = gc_llc)l? Ibllsc1 + b. This proves the first part of (21).

On the other hand, there exists a p; < ¢; such that for any
S € Sng, we have y* > 11 Sy* + b. Applying recursion gives

y* > (I +mS)b+0" ((cur)? + (cpn)® +---) 1
=T+ mS)b+ (1 —cpr) ™ (epr)?p* 1.
Consequently, for any S € Sy,
Tr($T D) + B S|I% — A1Ty*(S)
<Tr(S"D)+B|S|% — Al TSb—AlTe,

with ¢ = %b*l + b. This proves the second part of (21).
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B. Proof of Proposition 4

Introducing the dual variables A\ € R,p e RV, h e RN, €
]Rf XN , the Lagrangian of (GL-NG-App) is

L(S,\m, p,h) =Tr(STD) + 5|87 — A17Sb
N

—n'(81—cl) = (u,8) = Y hie/ Se;.
=1

The first order necessary condition of (GL-NG-App) yields
D +288 —Xb'" —pu—nl'" — Diag(h) =0,

while the complementary slackness condition yields S;;u;; =
0. Together with .S > 0, for i # j, we have two cases:
Case 1. If S;; > 0, then we must have 1;; = 0 and thus

Sij = (Qﬁ)_l(—Dij + S\bj + 771').
Case 2. If S;; =0, then with u;; > 0, we get
—Dij + S\bj +n; <0.

Examining the two cases yields the stated expression for S7;.

C. Proof of Proposition 5

Observe that y; = Z;V:Lj# Slj%:/—_fj_l for any S € Sy
and 7€V. We first notice the elementary inequality
(1+e 9¥)"1 < (1/4)oy + (1/2), which holds for any
y > 0. As y satisfies the constraints in (GL-GENE), we have

1
> |SX + P|% + BIIS|F — oAl y/4 — NA/2.

©(S;y) = [ISX + PI[% + BlISIE — A1T

For y > 0, as % < %y we can infer from (14) that

2

Y5 Sy
= Spi—t— < | =2
Y Zj;ﬁz‘ ]yj+1—(2)1.

2 2
— 2,,yj/2< E
_Z#z‘(s)”yf-ﬂ— 2 ),

Combining the above with the displayed lower bound proves
the statement.

D. Proof of Proposition 6
For any S € S,4, define

N N
R; ::ZSU’ C; ::ZSji, ZE[N}
j=1 j=1

Then, Y% | R = "I, Ci = a, and we have

N

178%1 = Z SigSzj = Z (g: Sie) (f: ng) = g: CyRy.
i=1 j=1 =1

05,0 =1
Moreover, since diag(S) =0 and S > 0, we get

Re+Co=) Sii+> Su<)> Sij=a,

J# il i3

V£ e [N].
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This yields
2
R, < (Ot ZRZ) < “(@ZR‘Z), VeE([N]. (23)
Summing over £ gives
al a o a?
T Q2
= < — = —.
178%1 ;Cngw;(cﬁRg) 5 @9

It follows that every feasible S satisfies 17 $?1 < a2 /2. Equal-
ity holds when

a 3 3

5) ? 7é J

so the maximizer S* has value a?/2. Furthermore, equality in
(24) implies equalities in (23) for each ¢ € [N], i.e.,

Sixjx = Sjrix = Si; = 0 otherwise,

2
CoRe= Gt RS _alCt Re) .
4 4
Therefore, for each ¢ € [N], we have
CgZR@ZO or CgZR@Z%.

Let T := {¢ € [N]: R; = a/2}. Since Zé\;l Ry=aand Ry €
{0,a/2} for £ € [N], we have |T'| = 2. Hence, we may write
T = {i*, j*} with i* # j*. For £ ¢ T, both the ¢-th row and ¢-th
column of S* vanish. Hence, the only possible nonzero entries
are S7. ;. and S7.;., and the row-sum constraints give

S* _Q* _E
i*j* - j*i* - 2.

All other entries are zero. This proves the claim.
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